Introduction
For r ∈ Z >0 and k ∈ 2Z >0 with k > r let f be a holomorphic Siegel cusp form of weight k for Sp 2r (Z). Suppose that f is a Hecke eigenform, i.e. a nonzero common eigenfunction of the Hecke algebra. Let Q(f ) be the number field generated over Q by the eigenvalues of the Hecke operators over Q on f . Let n ∈ Z >0 with n > r and assume k ≥ 3 2 (n + 1). Let [f ] n r be the Klingen-Eisenstein series of degree n attached to f . Then [f ] n r is also a Hecke eigenform and its Fourier coefficients belong to Q(f ) by [26] [35] . Let The main result of this paper (Theorem 3.1 below) tells that there exists a finite set S of prime ideals of Q(f ), which is explicitly described in Sect. 3 below, with the following property: Suppose a prime ideal p of Q(f ) satisfies p / ∈ S and Such congruences were first discovered by Kurokawa [23] as numerical examples in case n = 2, r = 1, and k ≤ 20; he also posed a general conjecture predicting the existence of similar types of congruences modulo special values of L-functions. After that we proved the above assertion for n = 2 in [31] under a "multiplicity one condition" which was quite restrictive.
Meanwhile some related topics have been discussed by several authors [7] [46] . Now in this paper we prove the congruences for general degree, and moreover, without assuming the multiplicity one condition. Thus our result settles Kurokawa's conjecture (under some additional conditions defining the set S of exceptional prime ideals).
Our result may also be considered as a kind of results which characterize the prime ideals giving congruences between lifted and nonlifted modular forms as special values of automorphic L-functions; this theme has been pursued by [17] [18] .
The fundamental difference between the method of this paper and that of [31] lies in the following two points: (1) In [31] , Lemma 4, we used a modular form of the form where φ l is the degree two Siegel-Eisenstein series of weight l and a and b are some non-negative integers satisfying 4a+6b = k. This modular form worked as a kind of "bridge" between [f ] 2 1 and the space of cusp forms of degree two. Instead of (1.1) we take in this paper the pullback of Siegel-Eisenstein series of degree 2n and use the formula of Garrett [9] and Böcherer [5] . This enables us to generalize the argument in [31] to the case of degree n. (2) We use the integrality lemma in its general form as in [37] which is valid for general n and does not require the multiplicity one condition. In [31] the lemma was proved only for n ≤ 2 under this last condition.
The paper is organized as follows. Sect. 2 is preparatory; we summarize what we need later to state our result precisely. In Sect. 3 we state our main theorem and in Sect. 4 we give the proof. In Sect. 5 we give some numerical examples in case of degree three; the method of computation is the one developed in [18] .
Preliminaries

Notation
For a subring R of C the group of units in R is denoted by R × . For a prime ideal l of R, R l is the localization of R at l. If A is an m×n matrix with m, n ∈ Z >0 , we write it also as A (m,n) and as A (m) if m = n. For two matrices A and B we write A[B] := t BAB if the right-hand side is defined. The set of all m×n matrices with entries in R is denoted by R (m,n) and by R (m) if m = n. For a number field K the ring of integers in K is denoted by O K .
Siegel modular forms
For n, k ∈ Z >0 the C-vector space of holomorphic modular (resp. cusp) forms of weight k for Γ n := Sp 2n (Z) is denoted by M n k (resp. S n k ). Let H n be the Siegel upper half space of degree n. For φ and ψ ∈ M n k such that φψ is a cusp form, the Petersson inner product is defined by
Here Z = X + iY with real matrices X = (x jl ) and Y = (y jl ) ; dX := ∏ j≤l dx jl , dY := ∏ j≤l dy jl ; the integral is taken over a fundamental domain of Γ n \H n .
Let A n (resp. A + n ) be the set of all symmetric positive semidefinite (resp. positive definite) semi-integral matrices of size n. Every φ ∈ M n k has a Fourier expansion of the form
by Shimura [40] , the group Aut(C) of automorphisms of C acts on this space via
The Hecke algebra
For a subfield L of R let
be the group of symplectic similitudes over L where J n := ( 0 −1 n 1 n 0 ) with 1 n being the identity matrix of size n. The action of an element
be an arbitrary function. For a given k ∈ Z, an element (2.1) with
For a subring R of C let H n R be the Hecke algebra over R associated to the Hecke pair (Γ n , GSp
115 is false; it should be corrected as above.) By definition
For g ∈ GSp + 2n (Q) the double coset Γ n gΓ n splits into a disjoint union of left cosets:
Extending the action by C-linearity, we have a representation of H
k is a Hecke eigenform, we write the eigenvalue of T ∈ H n C on φ as λ(T, φ). For a Hecke eigenform φ ∈ M n k we put
The field Q(φ) is a totally real finite extension of Q and there exists a basis {φ 1 , . . . , φ d } of S n k such that each φ j is a Hecke eigenform whose Fourier coefficients lie in Q(φ j ) by Kurokawa [25] . Moreover if k ≥ 3 2 (n + 1), the above basis can be taken so that the elements φ j are mutually orthogonal and permuted under Aut(C) by [32] , Appendix A.
L-functions and Eisenstein series
be the standard L-function attached to φ.
n is one set of the Satake p-parameters of φ for a prime number p and s is a complex variable. By Shimura [41] the right-hand side of (2.2) converges absolutely and uniformly for Re(s) ≥ n 2
Let n ∈ Z >0 and r ∈ Z such that 0 ≤ r ≤ n. We put
For f ∈ S r k with k ∈ 2Z >0 the nonholomorphic Eisenstein series for Γ n attached to f in the sense of Langlands [28] and Klingen [20] is defined by
with A, B, C, D being n × n blocks runs over a complete set of representatives of ∆ n,r \Γ n , and M ⟨Z⟩ * is the upper left r × r block of M ⟨Z⟩. By [20] the right-hand side of (2.3) converges absolutely and uniformly on 
Let f ∈ S r k be a Hecke eigenform with 1 ≤ r ≤ n. By Garrett [9] and Böcherer [5] (
By (2.4) we have c(f ) ̸ = 0. We put
If the Fourier coefficients of f belong to Q(f ), then c * (f ) and the Fourier coefficients of [f ] n r belong to Q(f ) by [32] , Appendix A.
The ideal A(φ)
We assume (2.4). Let φ ∈ S n k be a Hecke eigenform with Fourier coefficients in Q(φ).
where τ runs over all embeddings of Q(φ) into C. By [34] , p. 221,
where
Let ν(φ) be the exponent of (i.e. the minimal positive integer that annihilates) the finite abelian group
By [34] ,
to be the exponent of the finite abelian group
Let D(Q(φ)) be the different of Q(φ)/Q. We put
which is an integral ideal of Q(φ).
Statement of Results
To state our main theorem (Theorem 3.1 below), we assume the following conditions (i)-(vii):
(ii) The cusp form f ∈ S r k is a Hecke eigenform whose Fourier coefficients belong to Q(f ).
(iii) There exists a prime ideal p of Q(f ) such that
Observe that the left hand side of (3.1) remains unchanged if we replace f by γf with any γ ∈ Q(f ) × .
(iv) Let p be the prime number lying under p. Then p ≥ 2k + 1 and p does not divide [32] , Appendix A: On these bases we assume:
j ) lying above p; we understand that an empty product is equal to 1.
On this we assume:
Now we state our main result:
If moreover p is coprime with every
Remark 3.2.
(1) We do not assume the multiplicity one condition which we assumed in [31] . We needed that condition in [31] in order to use the integrality lemma for n = 2 (Lemma 3 there) since we did not know the detailed structure of S n k as a module over H n C which we found later in [34] , pp. 211-222.
under the assumption of Theorem 3.1 ([3] ; see also [36, p. 202] ). Here
and ϑ
is the theta function of degree r associated with N which is a modular form of weight n/2 for some congruence subgroup of Γ r . The functionD(s, f, ϑ
and after that by analytic continuation [36] . Here U ∈ GL r (Z) acts on
and |Aut(T )| stands for the order of the group
By [36] ,
The explicit formula of a(N, E
Proofs
Let n ∈ Z and k ∈ 2Z such that k ≥ 3 2 (n + 1). Put 
for every prime number p ≥ 2k + 1.
For ν = n we have
by (2.5). Here we put d 0 := 1, f 
Proof. This follows directly from [34] , Theorem 6.5. By Remark 4.3 the assumption N ∈ A + n is not necessary. Hereafter in this section we assume that the conditions (i)-(vii) in Sect. 3 are satisfied.
Proof. For any N ∈ A n we have 
Here the congruence is understood to be the system of congruences for Fourier coefficients. By (4.6) and Remark 4.2 we have
with a p-unit u 1 ∈ Q(f ). In the assumption (vii), µ k (1) is equal to the numerator of 2 
Then there exists i ̸ = 1 such that
Proof. This lemma is a slight generalization of [18] 
Thus (4.7), (4.8) and Lemma 4.6 give the former half of the assertion of Theorem 3.1.
To prove the latter half of Theorem 3.1, we proceed as follows. Observe that
× if necessary, we assume that
without loss of generality. From the assumption (iii) and (4.7) it follows that s 0 ≥ 1.
Lemma 4.7.
There exist a number t with 1 ≤ t ≤ s 0 and a prime ideal P of Q(f, f (n) t ) lying above p such that
Proof. From (4.9) we have ∑ s 0 j=1 γ j ∈ Q. Thus from (4.7) and (4.8) we obtain
which gives the assertion.
For any T ∈ H
n r ) · id on the both sides of (4.6), where id is the identity operator. As above, the p-integrality of the Fourier coefficients are preserved. Hence 
By [37, p. 116, Lemma A.3] there exists a p-unit u 2 ∈ O Q(f ) such that
Applying Lemma 4.8 to (4.10) with ψ = u 2 H, φ = f (n) j , and K = Q(f ), we see
Here A(f (n) j ) is coprime with p by the assumption. Therefore Lemma 4.7 gives
This completes the proof of Theorem 3.1.
Remark 4.9. By a similar argument as above we obtain congruences for Hecke eigenvalues of E (n) k and of some φ ∈ S n k modulo every prime factor of the numerator of ζ(1 + n − 2k) under some additional conditions if n is even. But in this case a more precise result is easily obtained by applying the Ikeda lift [12] to the Ramanujan type congruences in M 1 2k−n ; cf. Kurokawa [24] for the case n = 2.
Numerical Examples
We compute the standard zeta values and the Fourier coefficients of the Klingen-Eisenstein series with Mathematica, and give some examples of congruence between the Klingen-Eisenstein series and cusp forms of degree three. For examples in degree two case, we refer to [31] .
Let p be a prime number. Let Q p be the field of p-adic numbers and Z p the ring of p-adic integers. Two symmetric matrices A and A ′ with entries in Q p are called equivalent over Z p with each other and written
. For square matrices X and
. We denote by A np the set of semi-integral matrices of size n over Z p . To see the Fourier expansion of E (n) k (Z), for a semi-integral matrix T of size n over Z p define the local Siegel series b p (T, s) as in [15] . We define χ p (a) for a ∈ Q × p as follows:
For a semi-integral matrix T of even size n define ξ p (T ) by
Let T ∈ A + n with n even. Then we can write (−1)
) be the Kronecker character corresponding to Q( √ (−1) n/2 det T )/Q. We note that we have χ T (p) = ξ p (T ) for any prime p. For a nondegenerate semi-integral matrix T of size n over Z p define a polynomial γ p (T, X) in X by
Then it is well known that there exists a unique polynomial
(e.g. [19] ). 
Here we make the convention F (m)
. Then we havẽ
e(σ(T Z)).
Let n, r ∈ Z >0 such that n ≥ r. Let f be a Hecke eigenform in M 
).
Then for any N ∈ A n the g
Now, for a prime number p, let T (p) be the element of H
Let {f j } be a basis of M r k consisiting of Hecke eigenforms. Furthermore write
Proposition 5.3. Under the above notation and the assumption, we have
, where Z(n, k) is defined as in (4.1). By using Propositions 5.2 and 5.3, we will compute the standard zeta values and the Fourier coefficients in question. We have an explicit formula for F p (T, X) for any nondegenerate semi-integral matrix T over Z p (cf. [15] ), but it is rather complicated in general. Thus we use some trick, which enables us to compute F p (T, X) more easily for some special cases. Let m, n ∈ Z >0 such that m ≥ n. For S ∈ A mp ∩ GL m (Q) and T ∈ A np ∩ GL n (Q p ) define the local density α p (S, T ) and the primitive local density β p (S, T ) by
and
where δ mn is Kronecker's delta,
and B e (S, T ) := {X ∈ A e (S, T ) | rank Zp/pZp (X) = n}.
. Now first we remark the following two lemmas (e.g. [18] , Lemmas 2.1 and 3.1). 
and, in particular,
Now the following proposition is due to [18] , Proposition 3.2.
GL n 1 (Z p ) and T 22 ∈ A n 2 ,p . Let m be the rank of T 22 . Then we have 
if T is type C1 and r 1 ≥ r 3 + 1,
if T is type C3 and r 1 ≥ r 2 + 3,
if T is type C3 and r 1 = r 2 + 2, 1 otherwise. Then we have an explicit formula of F p (T, X) for a nondegenerate semiintegral matrix T of size not greater than four (cf. [14] , [15] ).
. Put e = e T = GCD(a 11 , a 12 , a 22 ).
Then we have
Now let p a prime number. For an element
Here we make the convention that
Then by Proposition 5.6 we have
∈ A n+2 of rank m with R ∈ Z (n,2) . Let p 0 be a prime number.
(2) Let n = 3, and write T 1 and R as (2, 2) , and r ∈ Z (2, 1) . Assume that
Let n = 2 or 3, and T 1 ∈ A + n . Then by the Hecke theory of Siegel modular forms (cf. [1] ), for an element T of A + 2 and a prime number p, we have the following recursion formula for ϵ
be an orthogonal basis of M 2 k consisting of Hecke eigenforms, and λ j be the eigenvalue of T (p) on f j . Recall that by Proposition 5.3 we have
for any i ∈ Z ≥0 . Thus by using the same argument as in the proof of [18] we have the following. 
Furthermore, letM
2 k be the orthogonal complement of the space spanned by the Siegel-Eisenstein seriesẼ
k (T ).
ThenΦ(X) =Φ T (p) (X) is a polynomial, and we have
where we writeΦ(X)
Proof. The first assertion is proved in the same manner as [16] , Theorem 3.6. The second assertion is also proved in the same manner by remarking
Now we give some numerical examples. From now on put Let χ 12 be the Hecke eigenform in S 2 12 defined in Kurokawa [22] . We normalize χ 12 so that its Fourier coefficient at T 0 is 1, and denote it byχ 12 . By using Kohnen-Skoruppa [21] we obtain the value
We have A(∆ 12 ) = (1) and A(χ 12 ) = (1). Since the common denominator of the Fourier coefficients of E (1) 12 (resp. E 
The congruence (5.1) follows also from the first case of Miyawaki's conjecture [29] which was proved by Ikeda [13] telling that defined in Kurokawa [22] . We normalize χ 14 so that its Fourier coefficient at T 0 is 1, and denote it byχ 14 . We note that a(T 1 ,χ 14 ) = −2. Now we havẽ
Hence by Proposition 5.9 we have
Thus we have ord 691 (c * (χ 14 )) = 1.
We note that 691 appears in the numerator of c * (χ 14 ). This is not so surprising because χ 14 is the Saito-Kurokawa lift of ∆ 26 and we have
where L(s, ∆ 26 ) is Hecke's L-function attached to ∆ 26 . We also note that it is possible to compute c * (χ 14 ) exactly by using the result of KohnenSkoruppa [21] . But here we have used the method in [16] . Now we havẽ
Thus we have
We note that Z(4, 20) = Z (5, 20) and it is a 691-unit. Thus we have
We also note that ζ(−13)ζ (−25) 
The congruence (5.3) supports the second case of Miyawaki's conjecture [29] predicting that 
18 for i = 1, 2, and λ(T (2),χ
We note that Q(χ It seems difficult to construct this G concretely since dim S 3 20 = 6 by Tsuyumine [45] and Runge [39] .
